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ABSTRACT 

Bolt. Beranek and Newman Inc  

.. 

It i s  p o s t u l a t e d  t ha t  t h e  human c o n t r o l l e r  a c t s  i n  a n e a r  o p t i m a l  
manner g i v e n  h i s  i n h e r e n t  s t r u c t u r a l  c o n s t r a i n t s .  These c o n s t r a i n t s  
a re  approximated by a time d e l a y .  The o p t i m a l  c o n t r o l l e r  f o r  a - 

l i n e a r  p l a n t  w i t h  a q u a d r a t i c  c o s t  f u n c t i o n a l  which takes  i n t o  
account  t h i s  time d e l a y  l i m i t a t i o n  i s  d e r i v e d .  The o p t i m a l  
c o n t r o l l e r  c o n t a i n s  a model o f  t h e  p l a n t  be ing  c o n t r o l l e d  p l u s  
l i n e a r  dynamics o p e r a t i n g  on t h e  d i f f e r e n c e  between t h e  o u t p u t  
o f  t h e  r ea l  p l a n t  and t h a t  o f  t h e  model. A p i l o t  exper iment  was 
performed t o  t e s t  t h e  h y p o t h e s i s  t h a t  t h e  human c o n t r o l l e r  i s  
n e a r l y  op t ima l .  Good agreement between human and o p t i m a l  con- 
t r o l l e r  behav io r  was o b t a i n e d .  The d i f f e r e n c e s  between t h e  two 
b e h a v i o r s  can  be  accounted  f o r  by assuming a s u b j e c t i v e  c o s t  
f u n c t i o n a l  t h a t  t h e  human c o n t r o l l e r  a t t e m p t s  t o  o p t i m i z e .  

i 
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CHAPTER I 

I N T R O D U C T I O N  

Bo l t  Beranek and Newman I n c  

The human c o n t r o l l e r  o f  dynamic s y s t e m s  i s  a s e l f  a d a p t i v e  
c o n t r o l l e r .  If he i s  t o l d  t h e  o b j e c t i v e  o f  a c o n t r o l  t ask  and 
t h e  e x t e n t  t o  which he h a s  ach ieved  t h i s  o b j e c t i v e ,  he w i l l  t h rough  
t r a i n i n g  o r  p r a c t i c e  a t t e m p t  t o  improve h i s  performance,  provided  
he i s  mot iva t ed  t o  do s o .  It i s  r e a s o n a b l e ,  t h e r e f o r e ,  t o -a s sume  
t h a t  a h i g h l y - t r a i n e d  human c o n t r o l l e r  w i l l  a c t  i n  a n e a r  o p t i m a l  
.manner, s u b j e c t  t o  c e r t a i n  i n t e r n a l  c o n s t r a i n t s  t h a t  l i m i t  t h e  

r ange  o f  h i s  behav io r  and a l s o  t o  t h e  e x t e n t  t o  which he under- 
s t a n d s  t h e  o b j e c t i v e  o f  t h e  c o n t r o l  t a s k .  

Given t h e  s e l f - o p t i m i z i n g  tendency o f  t h e  human c o n t r o l l e r  i t  i s  
p r o d u c t i v e  t o  look  t o  o p t i m a l  c o n t r o l  t h e o r y  as a s o u r c e  o f ,  and 
a n  i n s p i r a t i o n  f o r  models of human con t ros l l e r  behav io r .  During 
t h e  l a t e  1940 's  and ear ly  1950 's  a t t e m p t s  were made by P h i l l i p s  
(Ref. 1) and E lk ind  (Ref. 2 )  and others . ,  t o  u s e  Wiener (Ref.  3 )  
o p t i m i z a t i o n  t h e o r y  as a basis f o r  models o f  t h e  human c o n t r o l l e r  
and f o r  p r e d i c t i n g  human behav io r .  More r e c e n t l y ,  w i t h  t h e  

development o f  modern o p t i m a l  c o n t r o l  t h e o r y ,  (Ref.  4 and 5 )  there  
has been a r e s u r g e n c e  o f  i n t e r e s t  i n  o p t i m a l  c o n t r o l  models f o r  
t h e  human c o n t r o l l e r .  Roig (Ref. 6 )  and Leonard (Ref. 7 )  compared 
t h e  mean-squared e r r o r  performance o f  t h e  human o p e r a t o r  w i t h  t h a t  
o f  v a r i o u s  o p t i m a l  c o n t r o l l e r s  and found t h a t  t h e  human c o n t r o l l e r  
tended  t o  behave i n  a n e a r  o p t i m a l  manner. Obermeyer and Muckler 
(Ref. 8 )  examined e x i s t i n g  manual c o n t r o l  data and a t t e m p t e d  t o  

1 
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s o l v e  t h e  i n v e r s e  problem, t h a t  i s ,  t o  f i n d  t h e  c o s t - f u n c t i o n a l - -  - --- 

t h a t  t h e  human c o n t r o l l e r  minimized i n  these  manual c o n t r o l  
s i t u a t i o n s .  I n  a l a t e r  s t u d y  Obermeyer, Webster and Muckler 
I . 9 )  i n v e s t i g a t e d  t h e  e f f e c t s  of performance c r i t e r i a  on corn- - -  

- penga to ry  r a t e  c o n t r o l  t r a c k i n g .  I n  a p i l o t  s t u d y  performed by - 

- one o f  u s ,  Miller (Ref. lo), t h e  e f f e c t s  o f  changes i n  the- c o s t  - -  

s______I- ~ 

-- -- - f u n c t i o n a l  upon t r a c k i n g  performance was demons t r a t ed .  -- 

- The r e s u l t s  o f  these e a r l i e r  s t u d i e s  i n d i c a t e  t h a t  i t  i s  r e a s o n s b l e  - - 
t o  p o s t u l a t e  t h a t  t h e  human c o n t r o l l e r  t e n d s  t o  behave i n  a n e a r  

- -  - o p t i m a l  manner and t h a t  o p t i m a l  c o n t r o l  t h e o r y  p r o v i d e s  a n  approp-.*-- 
r i a t e  t h e o r e t i c a l  framework f o r  u n d e r s t a n d i n g  human c o n t r o l l e r  
behav io r .  To t e s t  t h i s  t h e o r y ,  however, i t  i s  n e c e s s a r y  t o  u s e  
p rocedures  somewhat d i f f e r e n t  from t h o s e  normal ly  employed i n  t h e  
more c o n v e n t i o n a l  e x p e r i m e n t a l  s t u d i e s  o f  human c o n t r o l l e r  cha rac -  
t e r i s t i c s .  The expe r imen ta l  s i t u a t i o n  must be c o n s t r u c t e d  so  t h a t  
i t  i s  c o n s i s t e n t  w i t h  t h e  t h e o r y .  I n  p a r t i c u l a r ,  t h e  i n p u t  d i s -  -- 

t u r b a n c e s  i f  n o i s e - l i k e ,  should  be  d e r i v e d  by p a s s i n g  w h i t e  n o i s e  
th rough  ( p r e f e r a b l y )  low-order l i n e a r  f i l t e r s .  The c o s t  f u n c t i o n a l  
must b e  e x p l i c i t l y  d e f i n e d  by t h e  expe r imen te r  and communicated i n  
a meaningfu l  way t o  t h e  s u b j e c t .  C o n s t r a i n t s  and i n v a r i a n c e s  i n  
t h e  human c o n t r o l l e r ' s  c h a r a c t e r i s t i c s  must be i d e n t i f i e d .  
F i n a l l y ,  t h e  o p t i m a l  c o n t r o l l e r ,  t h e  one t h a t  w i l l  minimize t h e  
c o s t  f u n c t i o n a l  s u b j e c t  t o  t h e s e  c o n s t r a i n t s ,  must be d e r i v e d .  

Most o f  t h e  expe r imen t s  t h a t  were performed t o  deve lop  and t e s t  
c o n v e n t i o n a l  c o n t r o l  models f o r  t h e  human c o n t r o l l e r  were n o t  
des igned  w i t h  these  c o n s t r a i n t s  i n  mind. A s  a r e s u l t  i t  i s  d i f f i -  

c u l t  t o  u s e  t h e  r e s u l t s  o b t a i n e d  from them t o  t e s t  hypo theses  
about  t h e  o p t i m a l i t y  of  t h e  human c o n t r o l l e r  and t h e  r e a s o n s  f o r  
h i s  d e v i a t i o n s  from optimum. 
t h e  o p t i m a l  b e h a v i o r  o f  t h e  human c o n t r o l l e r ,  i t  i s  l i k e l y  t o  be 

A s  we b e g i n  t o  unde r s t and  more abou t  

2 
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p o s s i b l e  t o  u s e  t h i s  large body o f  e a r l i e r  da ta ,  bu t  f o r  t h e  
p r e s e n t  i t  i s  n e c e s s a r y  t o  perform' a d d i t i o n a l  new exper iments  
s p e c i f i c a l l y  des igned  t o  probe  t h e  q u e s t i o n  o f  human c o n t r o l l e r  
o p t i m a l i t y .  

I n  t h i s  r e p o r t  w e  d i s c u s s  t h e  f i r s t  of a s e r i e s  o f  expe r imen t s  on 
t h e  a p p l i c a t i o n  o f  o p t i m a l  c o n t r o l  t h e o r y  t o  manual c o n t r o l  
systems.  I n  t h i s  p r e s e n t  s t u d y  w e  have i n v e s t i g a t e d , w i t h i n  _ _  t h e  
c o n t e x t  of a v e r y  s imple  c o n t r o l  s i t u a t i o n , t h e  e x t e n t  t o  which a n  
op t ima l  c o n t r o l  model r e p r e s e n t s  human c o n t r o l l e r  behav io r  when t h e  
c o s t  f u n c t i o n a l  i s  a weighted sum of mean-squared e r r o r  and mean- 
squared  c o n t r o l  a c t i o n .  The  p r i n c i p a l  independent  parameter  of  
t h i s  experiment  was t h e  r e l a t i v e  we igh t ing  of mean-squared e r r o r  
and mean-squared c o n t r o l  a c t i o n .  As t h e  f i r s t  s t e p  i n  t h e  a p p l i -  
c a t i o n  o f  o p t i m a l  t h e o r y  t o  t h i s  e x p e r i m e n t a l  s i t u a t i o n  we d e r i v e  
t h e  o p t i m a l  c o n t r o l l e r  under  t h e  assumpt ion  t h a t  t h e  i n p u t  d i s -  

t u rbance  i s  i n t e g r a t e d  w h i t e  n o i s e  and t h a t  t h e  human c o n t r o l l e r ' s  
c h a r a c t e r i s t i c s  i n c l u d e  a time d e l a y .  The o p t i m a l  c o n t r o l l e r  
s t r u c t u r e  t h a t  w e  developed has a n  i n t e r n a l  model f o r  t h e  p l a n t  
be ing  c o n t r o l l e d ,  a n  o p t i m a l  e s t i m a t o r  ( p r e d i c t o r )  of  t h e  s t a t e  
of t h e  p l a n t  which compensates f o r  t h e  t i m e  d e l a y ,  and a s imple  
amnesic c o n t r o l l e r  o p e r a t i n g  on t h e  estimated s t a t e .  The d e r i v a -  
t i o n  of t h e  c o n t r o l l e r  i s  d i s c u s s e d  i n  Chapter I1 i n  which w e  

I c o n s i d e r  t h e  g e n e r a l  problem of a n  nth o r d e r  p l a n t  and t h e n  ~~ 

~ s p e c i a l i z e  i t  t o  t h e  f i r s t - o r d e r  p l a n t  t h a t  was i n v e s t i g a t e d  - - _  - 

e x p e r i m e n t a l l y .  

I n  Chapter  I11 w e  desc r ibe  a p i l o t  exper iment  t h a t  was performed 
t o  t e s t  t h e  o p t i m a l i t y  of  t h e  human c o n t r o l l e r  and t h e  e f f e c t s  of--. - 

r e l a t i v e  we igh t ing  o f  c o n t r o l  and e r r o r  on h i s  performance.  I n  
Chapter  I V  w e  p r e s e n t  and d i s c u s s  t h e  r e s u l t s  of these experiments;--- 

3 
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An impor t an t  f a c t o r  i n t r o d u c e d  i n  t h i s  d i s c u s s i o n  is t h e  concept  
of  t h e  s u b j e c t i v e  c o s t  f u n c t i o n a l  and w e  show how t h e  i n t r o d u c t i o n  
of a s u b j e c t i v e  r e l a t i v e  w e i g h t i n g  a c c o u n t s  f o r  most of  the 
d i f f e r e n c e  between o p t i m a l  and human c o n t r o l l e r  b e h a v i o r .  

4 
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CHAPTER I1 

DERIVATION OF THE OPTIMAL CONTROL MODEL FOR 
THE HUMAN CONTROLLER 

A .  I N T R O D U C T I O N  

We have p o s t u l a t e d  t h a t ,  s u b j e c t  t o  c e r t a i n  c o n s t r a i n t s ,  t h e  human 
a c t s  as  a n e a r  o p t i m a l  c o n t r o l l e r .  I n  t h i s  c h a p t e r  w e  d e r i v e  t h e  

o p t i m a l  c o n t r o l  law f o r  t h e  s y s t e m  we have i n v e s t i g a t e d  e x p e r i -  
mentally. .  T h i s  s y s t e m  was a l i n e a r ,  f i r s t - o r d e r  p l a n t  p e r t u r b e d  

by f i l t e r e d  w h i t e  g a u s s i a n  n o i s e  as  shown i n  F i g .  1. The human 
c o n t r o l l e r ' s  t a s k  was t o  a c t  as  a s t a t e  r e g u l a t o r  and  t o  minimize 
a c o s t  f u n c t i o n a l  which was t h e  weighted sun; of  two terms: a 
q u a d r a t i c  f u n c t i o n  of t h e  s t a t e ,  and o f  t h e  c o n t r o l  a c t i o n .  The 

r e l a t i v e  we igh t ing  of t h e s e  two te rms  was a parameter of  t h e  ex -  
per iment  s. 

We have assumed t h a t  t h e  p r i n c i p a l  c o n s t r a i n t  on t h e  human c0.n- 
t r o l l e r ' s  c h a r a c t e r i s t i c s  i s  a t i m e  d e l a y ,  e 
accoun t  of t h e  c o n t r o l l e r ' s  p r o c e s s i n g  time and a l so  approximates  
t h e  c h a r a c t e r i s t i c s  o f  t h e  neuromuscular  system. We d e r i v e  t h e  

o p t i m a l  c o n t r o l  law f o r  f i l t e r e d  whi te  g a u s s i a n  d i s t u r b a n c e s  f o r  
a c o n t r o l l e r  c o n t a i n i n g  such  a t ime d e l a y .  We u s e  t hese  r e s u l t s  
t o  p r e d i c t  t h e  human c o n t r o l l e r ' s  c h a r a c t e r i s t i c s  and ,  i n  p a r t i c u -  
l a r ,  t o  p r e d i c t  how h i s  c h a r a c t e r i s t i c s  w i l l  depend upon t h e  r e l a -  
t i v e  we igh t ing  i n  t h e  c o s t  f u n c t i o n a l  of t h e  c o n t r o l  a c t i o n .  

. T h i s  d e l a y  takes  - sl' 

5 
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B. OPTIMAL CONTROL OF A LINEAR SYSTEM WITH QUADRATIC COST 
C R I T E R I A  

Given a l i n e a r  system d e s c r i b e d  by t h e  v e c t o r  d i f f e r e n t i a l  equa- 
t i o n  

where x i s  t h e  s t a t e  and u t h e  c o n t r o l ,  and a c o s t  f u n c t i o n a l  

we wish  t o  f i n d  t h e  o p t i m a l  c o n t r o l  u ( t )  which n i n i m i z e s  J sub- 
j e c t  t o  t h e  i n i t i a l  c o n d i t i o n  x ( 0 )  = xo. 

It i s  shown i n  Ref.  4 t h a t  t h e  o p t i m a l  c o n t r o l  f o r  t h i s  s i t u a t i o n  
i s  

where K i s  t h e  symmetric p o s i t i v e  d e f i n i t e  s o l u t i o n  o f  t h e  M a t r i x  
R i c c a t i  Equat ion:  

The c losed - loop  ( o p t i m a l l y  c o n t r o l l e d )  s y s t e m  w i l l  now obey t h e  
d i f f e r e n t i a l  e q u a t i o n :  

6 
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s o  t h e  o p t i m a l  t r a j e c t o r y  i s  

x * ( t )  = e f o r  t > O  ( A-BR-lK ) t 
xO 

and 

( A - B R - l B ' K ) t  for t, 
u * ( t )  = R - l B l K e  xO 

It i s  a l s o  shown i n  Ref. 4 t h a t  t h e  t o t a l  c o s t ,  s t a r t i n g  from 
i n i t i a l  d i sp l acemen t  xoJ i s  

1 
2 0  J(x0) = - x 'Kxo . ( 7 )  

C .  CONTROL OF A LINEAR SYSTEM WITH TINE DELAY 

1 ,  D e t e r m i n i s t i c  Case.: I n i t i a l  D i s t u r b a n c e .  ------ 

We now w i s h  t o  i n v e s t i g a t e  t h e  system shown i n  F i g .  1: a 
l i n e a r  p l a n t  fo l lowed by a t i m e  d e l a y  of T s e c .  

The dynamics a re  a g a i n  

x ( t )  = Ax + Bu ; x ( 0 )  = xo 

and t h e  c o s t  i s  

Q) 

(9) 1 2 I [u tRu  + x ' Q x ] d t ,  w i t h  R>O and &>P. - J = 
0 

Now, however, o n l y  a de layed  v e r s i o n  of t h e  s t a t e  of t h e  p l a n t  
i n t e g r a t o r s  ( x d ( t )  = x ( t - T ) )  i s  a v a i l a b l e  as i n p u t  i n f o r m a t i o n  t o  
t h e  c o n t r o l l e r .  The c o s t  f u n c t i o n a l  may be  expressed i n  a n  



U 

I I A 

F I G . l  C O N T R O L  P R O B L E M  W I T H  TIME D E L A Y  

8 
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a l t e r n a t e  form by a change i n  v a r i a b l e s  i n  t h e  second term of  t h e  

i n t e g r a n d ;  T = t -T:  

W 

(10) 1 

2 0  
J = - I [u'Ru 9 x f d Q  xd]dr 

T h i s  form i s  e q u i v a l e n t  t o  E q .  ( 9 )  because  w e  assume t h a t  t h e  s y s -  
tem i s  i n i t i a l l y  a t  r e s t ,  i .  e . ,  f o r  t < O  t h e  s t a t e  x ( t )  and t h e  
c o n t r o l  u ( t )  a r e  un i fo rmly  z e r o .  T h i s  i m p l i e s  t h a t  t h e  o u t p u t  o f  
t h e  time d e l a y ,  x d ( t ) ,  w i l l  be un i fo rmly  z e r o  f o r  t < T ,  t h e n  t a k e  

a s t e p  t o  xo a t  t = T .  (TLO) 

We p l a c e  two impor t an t  c o n s t r a i n t s  on t h e  op t ima l  feedback  con- 
t r o l l e r :  f i r s t ,  t h a t  a t  t ime T i t  h a s  o n l y  t h e  i n f o r m a t i o n  x d ( t ) ,  
t < T , a v a i l a b l e  - t o  deve lop  a c o n t r o l  s t r a t e g y ;  i n  p a r t i c u l a r ,  i t  
does  n o t  have a v a i l a b l e  t h e  p r e s e n t  s t a t e  o f  t h e  i n t e g r a t o r s ,  x ( T )  
merely t h e i r  s t a t e  T seconds  ago:  xd (T)  = x(T-T). The second con- 
s t ra i 'n t  w e  p l a c e  on t h e  c o n t r o l l e r  i s  t h a t  i t  b e  r e a l i z a b l e ,  i . e . ,  
t h a t  i t  cannot  respond t o  a n  i n p u t  b e f o r e  t h a t  i n p u t  o c c u r s .  

These  two c o n s t r a i n t s  i n s u r e  t h a t  t h e  c o n t r o l  r e s p o n s e  u ( t )  w i l l  
be uni formly  z e r o  f o r  t < T .  ( S i n c e  x d ( t )  E 0 f o r  t < T ) .  

A t  t ime T,  xd takes  a s t e p  such  t h a t  xd(T) = x . 
e n t  t o  s p e c i f y  ( t o  whatever  s t r a t e g y  i s  i n s i d e  t h e  c o n t r o l l e r )  
t h a t  t h e  i n i t i a l  d i s t u r b a n c e  a t  t = O  was a v e c t o r  impulse  having  
v a l u e  xo. F u r t h e r ,  u ( t )  was un i fo rmly  z e r o  f o r  t < T ,  t he re  were 
no o t h e r  i n p u t s  t o  t h e  sys tem,  and ( b y  assumpt ion)  t h e  s t a t e  o f  
t h e  system a t  t = O -  ( x ( t ) , - T c t < O )  was z e r o .  

T h i s  i s  s u f f i c i -  
0 

- 
A t  for O < t < T .  T h i s  i s  T h i s  y i e l d s  t h e  r e s u l t  t h a t  . x ( t )  = e xo - 

enough t o  s p e c i f y  t h e  e n t i r e  s t a t e  o f  t h e  p l a n t  a t  t = T .  The 

9 
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o p t i m a l  c o n t r o l l e r  now o n l y  n e e d s ' t o  f i n d  t h e  o p t i m a l  c o n t r o l  
u*(t), t > T ,  based on t h i s  p e r f e c t  knowledge of t h e  s t a t e  of t h e  

system a t  t = T .  

The c o s t  may t h u s  be expres sed  as 

s i n c e  u ( t )  and x ( t ) ,  t c T  are  comple t e ly  independent  o f  t h e  c o n t r o l  
s t r a t e g y  t o  be s e l ec t ed .  A s h i f t  i n  v a r i a b l e s  ( T = t - T )  makes t h i s  

problem i d e n t i c a l  ( excep t  f o r  a n  i n i t i a l  c o n d i t i o n )  t o  t h a t  ais- 
cussed  i n  t h e  p r e v i o u s  s e c t i o n  (which had no t i m e  d e l a y  i n  t h e  
p l a n t ) .  The d i f f e r e n t i a l  e q u a t i o n s :  

and 

Q) 

J = 2 I [u'Ru + x'Qx1d-r. 
* o  

The o p t i m a l  c o n t r o l  u * ( T )  w i l l  t h u s  be of t h e  same form a s  t h e  
p r e v i o u s  s o l u t i o n :  

f o r  T > . o  ( 1 4 )  ( A - B R - ~ B  I K ) T e ~ ~  
u * ( T )  = -R- 'BIKe xO 

where K i s  a g a i n  t h e  p o s i t i v e  d e f i n i t e  s o l u t i o n  o f  

o = KA + A'K + Q - K B R - ~ B ' K ,  

0 f o r  t < T  

-R- 'B Ke ( A - B R - l B ' K )  (t-T)eAT x . 0 f o r  t22' 

and 
U % ( t )  = 

10 
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Given t h i s  o p t i m a l  c o n t r o l  i n p u t ,  w e  c a n  s o l v e  f o r  x ( t ) ,  t > T ,  by 

c o n v o l u t i o n .  The r e s u l t  i s :  

These  r e s p o n s e s  a re  shown s c h e m a t i c a l l y  i n  F i g .  2 .  

A t  t h i s  p o i n t ,  t h e  o p t i m a l  c o n t r o l l e r  i s  s p e c i f i e d  bonunique1y)by 
i t s  inpu t -ou tpu t  c h a r a c t e r i s t i c .  I n  p a r t i c u l a r  i t s  o u t p u t  i s  
u * ( t >  (shown i n  F i g .  2 )  whenever i t s  i n p u t  i s  x d + ( t ) ( a l s o  shown i n  
F i g .  2 ) .  

Two g e n e r a l i z a t i o n s  a r e  p o s s i b l e  a t  t h i s  p o i n t :  f i r s t ,  s i n c e  t h e  

d e r i v a t i o n s  above and i n  Ref.  5 h o l d  t r u e  f o r  xo, and t h e  in -  
p u t  and o u t p u t  o f  t h e  c o n t r o l l e r  are  each  l i n e a r  i n  xo ,  t h e n  t h e  
des i r ed  t r a n s f e r  f u n c t i o n  from x d ( t )  t o  u ( t )  can be r e a l i z e d  by a 
l i n e a r  s y s t e m  whose parameters are  independent  o f  xo. - _ _ - -  

Second, t h e  p l a n t  i s  t i m e - i n v a r i a n t ;  i f  t h e  i n i t i a l  d i s tu rbance - - - - -  
o c c u r s  a t  to ra ther  t h a n  t = O ,  ( w i t h  t h e  s t a t e  o f  t h e  p l a n t  be ing  
un i fo rmly  z e r o ' f o r  t< to) ,  t h e n  a change of  v a r i a b l e s  r e s u l t s  i n  
ou r  o r i g i n a l  o p t i m i z a t i o n  problem: t h e  o p t i m a l  r e s p o n s e s  shown i n  

o p t i m a l  feedback  can  be r e a l i z e d  by a t i m e - i n v a r i a n t  system. 

- 

- ~- F i g .  2 a re  m e r e l y  s h i f t e d  i n  t i m e  by to.  T h i s  means t h a t  t h e  _ _  ~ 

It is ,  of c o u r s e ,  n o t  n e c e s s a r y  t o  u s e  a l i n e a r  t i m e - i n v a r i a n t  _ _  
system t o  r e a l i z e  t h e  o p t i m a l  f eedback  c o n t r o l l e r ;  t h e  same t r a n s -  
fe r  cou ld  be  o b t a i n e d  from any o f  a n  i n f i n i t e  number of non- 
l i n e a r  t ime-vary ing  sys tems.  However, as l o n g  as t h e  c o n t r o l l e r  I - _- 
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I 
A t  I e xo 

A I 

T 

* 
Xd ( t )  =X*( t -T)  

(A-BR1B'K)(t-2T) AT 
e xo 

t 
T 2T 

F I G .  2 R E P R E S E N T A T I V E  R E S P O N S E S  OF O P T I M A L L Y  
C O N T R O L L E D  P L A N T  W I T H  T I M E  D E L A Y  
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i s  r e a l i z a b l e  and a t  t = T  
none o f  t h e s e  more compl ica ted  c o n t r o l l e r s  can  y i e l d  a c o s t  J 
lower t h a n  t h a t  provided  by a l i n e a r  t i m e - i n v a r i a n t  feedback  con- 
t r o l l e r .  For  t h i s  r e a s o n ,  we w i l l  i n v e s t i g a t e  on ly  c o n t r o l l e r  
r e a l i z a t i o n s  i n  t h e  c l a s s  o f  l i n e a r ,  t i m e - i n v a r i a n t  sys tems.  

has only  knowledge of x d ( t ) , t < T ,  - t h e n  

One such  r e a l i z a t i o n  i s  shown i n  F i g .  3 .  T h i s  c o n t r o l l e r  s t r u c -  
t u r e  c o n t a i n s  a n  e x a c t  model of  t h e  p l a n t  t o  be c o n t r o l l e d ,  i n -  
c l u d i n g  t h e  t i m e  d e l a y ,  and i s  d r i v e n  by t h e  same i n p u t  u ( t ) ,  
The s t a t e  of  t h e  i n t e g r a t o r s  and t h e  o b s e r v a b l e  o u t p u t  of t h i s  

model are  denoted  as  x ( t )  and x d ( t ) ,  r e s p e c t i v e l y .  
r e p r e s e n t i n g  t h e  observed d i f f e r e n c e  i n  t h e  behavior  o f  t h e  p l a n t  
and t h e  model of  t h e  p l a n t  i s  denoted by i ( t )  = x d ( t )  - x , ( t ) .  
T h i s  d i f f e r e n c e  be tween observed and p r e d i c t e d  behavior  i s  
o p e r a t e d  on by a f i n i t e  d imens iona l  l i n e a r  t i m e - i n v a r i a n t  dynami- 
c a l  system ( a  N-input, N-output l e a d - l a g  network)  t o  deve lop  t h e  

estimate of  t h e  p r e s e n t  s t a t e  of  t h e  p l a n t  i n t e g r a t o r s ,  x ( t ) , t o  
p r o v i d e  u * ( t ) .  All i n i t i a l  c o n d i t i o n s  i n  t h e  c o n t r o l l e r ,  bo th  i n  
t h e  model and i n  t h e  f i n i t e - d i m e n s i o n a l  l i n e a r  s y s t e m ,  a r e  un i -  
formly  z e r o ,  i. e.  t h e  c o n t r o l l e r  s t a t e  i s  uni formly  z e r o , f o r  t<T. 

2, 2, 
A s i g n a l  

2, 

h 

Note t h a t  t h i s  p r o c e s s  o f  o p t i m a l  c o n t r o l  may b e  viewed as two 
comple te ly  separate  subprocesses :  t h e  f i r s t  of t h e s e  i s  t h e  

e s t i m a t i o n  p r o c e s s ,  which deve lops  a n  es t imate ,  2, of  the  present: _..  

s t a t e  of t h e  p l a n t  i n t e g r a t o r s ,  x, by opera-tinq on t h e  d- i f fe rence  - 

between observed  and p r e d i c t e d  p l a n t  b e h a v i o r .  The second p r o c e s s  
i s  c o n t r o l ,  deve lop ing  t h e  op t ima l  c o n t r o l  f o r  t h e  p l a n t  by m a t r i x  
g a i n  o p e r a t i o n  on t h e  estimate a ( t ) .  I n  f a c t ,  t h i s  m a t r i x  g a i n  
i s  e x a c t l y  t h e  g a i n  which y i e l d s  t h e  o p t i m a l  control .  f rom t h e  

t r u e  s t a t e  of t h e  p l a n t  when t h e r e  i s  no t i m e  d e l a y .  

The  behav io r  of t h e  f o u r  q u a n t i t i e s  x ( t ) ,  x , ( t ) ,  i ( t )  and 2 ( t )  i s  
shown s c h e m a t i c a l l y  i n  F i g .  4 .  \!e n o t e  t h a t  t h e  e s t i m a t o r  ? ( t )  
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remains  z e r o  f o r  t < T ,  but  f o r  t > T  f o l l o w s  t h e  s t a t e  e x a c t l y  where 

x ( t )  =e B ( t - T ) ,  0 ( A  = A-BR-~B'K). 

2 .  S t o c h a s t i c  Case: White Noise P e r t u r b a t i o n s .  ~- - -- 

We now w i s h  t o  c o n s i d e r  t h e  c a s e  where t h e  p l a n t  i s  d i s t u r b e d  by  

a n  independent  i nc remen t s  ( w h i t e  n o i s e )  i n p u t .  Before  do ing  t h i s ,  

however, w e  w i l l  g e n e r a l i z e  t h e  r e s u l t s  o f  t h e  p r e v i o u s  s e c t i o n  ~y 

p e r m i t t i n g  t h e  i n i t i a l  d i s t u r b a n c e  xo t o  b e  s t o c h a s t i c a l l y  s e l e c t e d  
r a t h e r  t h a n  d e t e r m i n i s t i c .  I n  p a r t i c u l a r ,  

ECxo) = 0 ; E { X o X o 1 )  = w>.o (17) 

where E i s  a n  e x p e c t a t i o n  o p e r a t o r  over  t h e  p robab i l i t y -measu re  
space  of xo and W i s  p o s i t i v e  s e m i - d e f i n i t e .  

The c o s t  ' f u n c t i o n a l  t o  be  c o n s i d e r e d  i s  

Q) 

1 J = - I E { u ' R u + x ~ Q x )  G t .  
2 o  

The i n t e g r a t i o n  and e x p e c t a t i o n  o p e r a t o r s  may be i n t e r c h a n g e d  s o  
t h a t  

0) - E {I [ ~ ~ ~ R u + x ' Q x ] d t )  = J 
0 

J 1  - T 

if t h e  i n t e g r a n d  of  E q .  ( 1 8 )  i s  i n t e g r a b l e ,  i. e . ,  J e x i s t s ,  and if 
t h e  argument o f  t h e  e x p e c t a t i o n  o p e r a t i o n  i n  E q .  ( 1 9 )  i s  f i n i t e  
w i t h  p r o b a b i l i t y  one.  

We w i l l  c o n s t r a i n  t h e  o p t i m a l  feedback c o n t r o l l e r  t o  be  a member 
of t h e  s e t  of  l i n e a r  t i m e - i n v a r i a n t  dynamic sys tems.  (Under t h e  

15 
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a d d i t i o n a l  assumpt ion  t h a t  t h e  d i s t u r b a n c e  i n p u t  random v a r i a b l e s  
a re  g a u s s i a n ,  t h i s  l i n e a r  t i m e - v a r i a n t  c o n t r o l l e r  can  b e  shown 
t o  be  a s  good as any non- l inea r  or t ime-vary ing  c o n t r o l l e r  which 
i s  a l so  r e a l i z a b l e  and o p e r a t e s  e x c l u s i v e l y  on x d ( t ) . )  

The c o n t r o l  s i t u a t i o n  i s  shown i n  F i g .  5. The d i s t u r b a n c e  i n p u t  
i s  w ( t )  = x o S ( t )  
t r o l l e r  i s  c o n s t r a i n e d  t o  b e  l i n e a r  t i m e - i n v a r i a n t ,  so  t h e  Green ' s  
f u n c t i o n  o r  impulse r e s p o n s e  f o r  t h e  c losed- loop  s y s t e m  r e l a t i n g  
x d ( t )  t o  w ( t )  may b e  denoted  'as @,(t )  and t h a t  r e l a t i n g  u ( t )  t o  
w ( t )  as  IP2(t): 

(a  vec tor -va lued  impulse) ,and  t h e  feedback  con- 

Q) 00 

where 

IP1(T) = Q 2 ( T )  = 0 f o r  T<T.  

The c o s t  

Assuming t h a t  t h e  e x p e c t a t i o n  o p e r a t o r  w i l l  commute w i t h  t h e  i n n e r  
doub le  i n t e g r a t i o n ,  n o t i n g  t h a t  t h e  i n n e r  i n t e g r a n d  i s  a s c a l a r  
and may be w r i t t e n  as t h e  t r a c e  of a 1 x 1  m a t r i x ,  and remembering 
t h a t  t r ( A B C )  = t r ( B C A )  m = t r ( C A B ) ,  t h e  c o s t  may be r e w r i t t e n  

17 
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Substituting 

J = 2 Itr[@;(t)RQ2(t) W t Q;(t)QQl(t)W]dt. 
0 -  

Having eliminated all random variables f rom the cost expression, 
we have the same expression to be minimized as we would-have in 
the following problem: 

xo deterministic , xoxo ' = W  

QJ 1 J = - ~[u'Ru + x'Qx)dt. 
'0 

(24) 

Note that @,(t), Q2(t) have been constrained to represent Green's 
functions indicated in Fig. 5. 
f o r  t<T. This problem was solved in the previous section, and 
resulted in the controller of Fig. 3 .  We have shown t h a t  the same 
cost functional is to be minimized subject to the same constraints 
in the stochastic initial disturbance case as in the deterministic 
initial disturbance case. The controller of Fig. 3 is thus the 
optimal linear time-invariant controller f o r  either a stochastic 
or deterministic initial disturbance. 

In particular, @,(t) = Q2(t) = 0 

Now we consider a (white noise) disturbance process W(t) composed 
of' independent increments, such that 
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The cost functional selected is 

T 1 J = lim - I E{u'Ru+x'&x)dt 
T+- 2T o 

therefore 

T OD 

T+- 2T o -OD 

Ir J = lim - 3 I {tr[lQ;(T1)RQ2(T2)W G(T2-Tl)dTldT2 

(27) 
a .  

+ trll Q~(Tl)QQ,(T2)WS(T,-Tl) dT1 dT2)dt 
,a0 

The integrand is a constant independent of  t, so the operator 

T 
lim 2 $ dt 
T+Q) T o 

is the identity operator. 

Using the fact that Q2(T1) = Q1(T1) = 0 for T1< 0, 

This is exactly the same cost functional seen in the two previous 
cases (deterministic and stochastic initial disturbances) and Qtl(t) 
and Q2(t) are under the same constraints. 
Fig. 3 is the optimal linear time-invariant controller for this 
stochastic regulator task also. 

The controller of 

It can be shown that a(t) is the least-squares (minimum variance) 
estimate of the state of the plant integrators x(t) given xd(T), 
T < t. This is done by showing that 

20 
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i.e., that the error in the estimate is uncorrelated with the 
estimate. If we now make the assumption that the input process 
is strongly stationary gaussian white noise, x(t) and a(t) will 
also be gaussian random variables (Ref. 11) in which case the 
fact that error and estimate are uncorrelated implies that they 
are statistically independent. This linear time-invariant 
estimator which develops g(t) is then the best of all possible 
estimators, i.e. there is no nonlinear o r  time-varying estimator 
which provides a lower variance estimate of x(t). 

Thus in the case of white noise perturbation, the optimal controller 
. again separates into an estimator, (which is the optimal minimum- 
variance estimator when the input noise is gaussian) followed by 
a controller gain matrix identical to that of the optimal 

. controller when the plant does not contain any time delay. 

D. SPECIFIC EXAMPLE: SINGLE INTEGRATOR PLANT WITH TIME DELAY 

1. Performance of Optimal Controller 

The specific control task evaluated experimentally was compensa- 
tory control of a single integrator perturbed by a gaussian white 
no i se  input. The equations were: 

= u ; J = lim - l L  I E{pu* t x 2 )dt 
T- 2T o 

21 
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X ( t )  , e-ST Xd(t) = X  W T )  

f PLANT f 

i 

FIRST ORDER 
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F I  G. 6 O P T 1  MAL C O N T R O L L E R  F O R  S I N G L E  
I N T E G R A T O R  W I T H  T I M E  D E L A Y  
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The Riccati equation is thus a scalar relation: 

A f The optimal control is thus u(t)= - x(t)/G, and the corresponding 
structure is shown in Fig. 6. 

The steady-state performance may be calculated for 
E{w(t)w'(t+T)) = d(T): 

m 2  = - I  ' Q2(t)dt 
2 0  

and 

- 2  
= 2 I Ql(t)dt 
2 0  

where @,(t) and @,(t) are the functions shown in Fig. 7. Therefore, 

lim - 1 I T 2  E(x }dt = T G  - + - 
T-+- 2T o 2 4 

and (33) 

1 T 2  1 lim - I E(u )dt = - 
T- 2T o 4 6  

23 
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cp, I t )  

t 
T 2T 

F I G . 7  I M P U L S E  R E S P O N S E S C D , ( t )  A N D  Q 2 ( t )  
F O R  S I N G L E -  I N T E G R A T O R  S Y S T E M  

2 4  
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- - 
2 Eliminating p ,  we have the optimal trade-off between x2 and u 

- - 
2 The performance curve, - x versus u2 - , is plotted with p as a 

parameter in Fig. 8. 
2 2 

2. Comparison With a Simple Suboptimal Controller 

The transfer function of the entire controller of Fig. 6 is 

-S 
-ST ' 

H(s) = 
i t 6  s -e 

( 3 5 )  

Plots of the magnitude and phase of H(s) for T = .2, a typical 
value for the human controller, are shown in Fig. 9 .  Note that 
when p is near unity, a reasonable value H(s) behaves approximately 
like a simple gain at low frequencies and another simple gain at 
high frequencies. The asymptotes of the gain are: 

-S -1 - - 
T + G  -ST lim H(s) = lim 

s+o s+O 1 + 6  s - e 
-S -1 - - -  

S+QJ s+- I + 6  s - e -ST 6 
lim H(s) = lim 

H(s) can thus be approximated quite closely both in magnitude and 
phase as a lead-lag network with low frequency gain -l/(T + G), 
high frequency gain -16, and high frequency pole at s= -2a/T=15.7 
for a pof unity or larger. 
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T .  
2 

F l G . 8  P E R F O R M A N C E  OF O P T I M A L  C O N T R O L L E R  
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T h i s  . -  s u g g e s t s  a n  experiment  w i t h  a v e r y  s i m p l e  subop t ima l  c o n t r o l :  
suppose t h a t  i n s t e a d  of t h e  o p t i m a l  f eedback  c o n t r o l l e r ,  w e  u s e  
a s i m p l e  g a i n .  
t h a t  i s ,  how i s  t h e  x /2 v e r s u s  u /2 t r a d e o f f  cu rve  mod i f i ed?  

How much worse a feedback  c o n t r o l  s t r a t e g y  i s  t h i s ,  
2 2 

To compute t h e  new performance,  l e t  the  c o n t r o l l e r  g a i n  be deno ted  
as a, and n o t e  t h a t  t h e  i n p u t - t o - e r r o r  impulse  r e s p o n s e  @,(t) now 
has t r a n s f o r m  

-st e 

As b e f o r e ,  
_. 

w 2  1 2 
X - = - 1 @ , ( t ) d t  
2 2 0  

By P a r s e v a l ' s  Theorem 
- 

9 (37) 

9 

43 dw ( 3 9 )  i- 
I @l(s)@l(-s)ds = -1 I 2 

X * I  

2 2711 - i w  n o  w + a - 2 w s i n w ~ *  
- = -  

T h i s  i s  not s i m p l y  i n t e g r a b l e ,  s o  we w i l l  expand t h e  i n t e g r a n d  
i n  a power s e r i e s  i n  (09') around t h e  p o i n t  (aT) = 0 and t h e n  
in t eg ra t e  term by term: 

28 



R E P O R T  NO. 1532 B O L T  B E R A N E K  & NEWMAN 

0 

INC 

7 I -  - 
w =  
3 =  
I-- 

W 

,> 
m a  

LL 
tx* 
W L  

29 



Report  No. 1532 B o l t  Beranek and Newman I n c  

The subop t ima l  c o n t r o l  per formance  i s  p l o t t e d  i n  comparison w i t h  
t h e  o p t i m a l  i n  F i g .  1 0  f o r  T = .2. We see from F i g .  1 0  t ha t  t h i s  
s imple  subop t ima l  s t r a t egy  performance converges  e x a c t l y  t o  t h a t  
of  t h e  o p t i m a l  s t r a t e g y  f o r  large p:  even f o r  .1 p < 1 t h e  two 
c u r v e s  are  f a i r l y  c l o s e .  However, f o r  p << .1 t h e  c u r v e s  d i v e r g e .  
I n  a d d i t i o n ,  t h e  s3mple model i s  a bad approximat ion  t o  t h e  
o p t i m a l  f o r  p << .l, but  i s  r e a s o n a b l y  good f o r  larger  p .  

For p a r t  of  t h e  a n a l y s i s  o f  t h e  e x p e r i m e n t a l  data,  .we modelled 
t h e  human c o n t r o l l e r  as a s i m p l e  g a i n  p l u s  a t i m e , d e l a y  and 
found t h e  b e s t  v a l u e  f o r  h i s  e q u i v a l e n t  g a i n .  Given measurements 
of  t h e  e q u i v a l e n t  g a i n  o f  t h e  human c o n t r o l l e r  f o r  s e v e r a l  
v a l u e s  o f  p ,  w e  can  d e t e r m i n e  how he a d j u s t s  t h i s  e q u i v a l e n t  
g a i n  as a f u n c t i o n  of p .  The c o n t r o l l e r ' s  g a i n  ad jus tmen t  can  
t h e n  be  compared w i t h  t h e  o p t i m a l  a d j u s t m e n t  t o  de te rmine  
how c l o s e l y  he  s e l e c t s  t h e  o p t i m a l  o p e r a t i n g  p o i n t  - and how 
c l o s e l y  he a c h i e v e s  an  o p t i m a l  t r a d e o f f  between x /2 and 
2 u /2 as p changes.  

2 

_I - S i n c e  
J = x2/2 + p u2/2,  

t h e  min imiza t ion  r equ i r emen t  g i v e s  

- - 
2 2 d J  = d ( x  ) +  p d ( u  ) = 0 

-- . 

The s l o p e  of  t r a d e o f f  c u r v e  a t  t h e  o p e r a t i n g  p o i n t  i s  

2 - 
I d ( x 2 ) / d u  = -p 
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2 Also,  d D O ,  so the tradeoff curve’must - be concave upward at the 
operating point, i.e., d (x )/d(u2)2 > 0. 2 2  

To compute the equivalent gain of the human, we will take the 
instantaneous cross-correlation between his input (x,) and his 
output (u). In terms of Fig. 6, 

where a is the equivalent or cross correlation gain of the human 
controller. If the optimal controller were in the feedback l oop ,  
Eq.  (44) would give the following value for the gain: 

This equivalent optimal gain is plotted in Fig. 11 as a function 
of p .  

32 
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CHAPTER I11 

DESCRIPTIONS OF EXPERIMENT 

A .  INTRODUCTION 

In the previous chapter we developed an optimal control model f o r  
the human controller. We used this model to determine the optimal 
equivalent - gain as a function - of p ,  the relative weighting of 
control u / 2  and error x / 2  and to determine the optimal trade-off 
between u / 2  and x / 2  as a function of p .  In this chapter we 
describe the experiments that we performed to test this model. In 
these experiments we attempted to determine how close to optimal 
the human control set his 9uivalent -- gain and how close to optimal 

2 2 was his trade-off between u /2  and x /2  as the relative weighting 
p was changed. The experiments were of limited scope and in a 
sense should be considered to be pilot experiments. Only one 
subject was used, but he was very carefully trained in all 
conditions. 

2 2 

2 -2 
- 

The experimental control system was a modified compensatory system 
with gaussian input disturbance. The block diagram of the system 
is in Fig. 12. The principal difference between our control 
situation and the conventional compensatory situation was that 
the subject was instructed to minimize a cost functional o r  score 
that was the weighted sum of the mean-squared error and of the 
mean-squared control movements. 

33 
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F I G .  12  B L O C K  DIAGRAM O F  EXPERIMENTAL SYSTEM 
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T h i s  meant tha t ,  i n  g e n e r a l ,  he shou ld  have used somewhat smaller 
c o n t r o l  movements and i n c u r r e d  a greater  mean-squared e r r o r  t h a n  
he would have i f  he were s c o r e d  on mean-squared e r r o r  a l o n e .  To 
h e l p  the c o n t r o l l e r  o p t i m i z e  h i s  behav io r ,  he was g i v e n  e x p l i c i t  
feedback  o f  h i s  r u n n i n g  s c o r e  by a " c o s t  c i r c l e "  d i s p l a y .  T h i s  
was similar t o  t h e  t e c h n i q u e  used  by Miller ( R e f .  10 )  i n  a p r e v i o u s  
s t u d y  o f  t h e  o p t i m a l i t y  o f  human c o n t r o l l e r  behav io r .  

B. APPARATUS 

The s u b j e c t  was seated i n  a small, a c o u s t i c a l l y  i n s u l a t e d  room, 
f a c i n g  a n  o s c i l l o s c o p e  s c r e e n  and a c o n t r o l  s t i c k .  The room l i g h t  
i n t e n s i t y  was a d j u s t e d  t o  h i s  comfor t  and t h e n  he ld  c o n s t a n t .  
was seated i n  a d e n t i s t ' s  c h a i r  w i t h  a headrest a d j u s t e d  s o  t h a t  
h i s  eyes were on a l e v e l  w i t h  t h e  s c r e e n  and were approx ima te ly  

H e  

. 72 cmaway.  

The diameter o f  t h e  o s c i l l o s c o p e  s c r e e n  was 1 2  cm. The s c r e e n  
c o n t a i n e d  th ree  t ime-shared  s i g n a l s ,  so  t ha t  t h e  d i s p l a y  appeared 
as shown i n  F i g .  1 3 .  The e l e c t r o n i c  s w i t c h e s  which time-shared 
t h e  d i s p l a y  s i g n a l s  r a n  a t  60 and 30 Hz, so t h a t  t h e  e n t i r e  d i s -  
p l a y  was repeated 30 times p e r  second.  Thus t h e  time per  d i s p l a y  - 

frame was 33.3 m i l l i - s e c o n d s .  The frame t i m e  was - a l l o c a t e d - - i n - t h e  rz 
f o l l o w i n g  manner: 16.7 m i l l i s e c o n d s  was s p e n t  d i s p l a y i n g  the- error 
do t ,  whose v e r t i c a l  d i sp l acemen t  from t h e  c e n t e r  o f  the  s c r e e n -  
r e p r e s e n t e d  t r a c k i n g  e r r o r ;  8 .3  m i l l i s e c o n d s  was s p e l t  d i s p l a y i n g  - 

a t a rge t  c i r c l e  which was 0.5 cm. i n  diameter and was located a t  - 

the  c e n t e r  o f  t h e  s c r e e n ;  and 8.3 m i l l i s e c o n d s  was - spen t  d i s p l a  

p r o p o r t i o n a l  t o  t h e  s u b j e c t ' s  i n s t a n t a n e o u s  s c o r e  p rocessed  by a - 

f i r s t - o r d e r  lag f i l t e r  w i t h  a time c o n s t a n t  o f  2 seconds .  

i n g  a s c o r i n g  c i r c l e .  The diameter o f  the s c o r i n g  c i r c l e  was - 

35 
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FIG.13 D I S P L A Y  ( T A R G E T  C I R C L E  F I X E D ,  E R R O R  D O T  
M O V E S  V E R T 1  C A L L Y ,  D I A M E T E R  O F  S C O R I N G  
C I R C L E  = 2 S E C .  A V E R A G E  O F  C O S T  ( S C O R E  1 RATE,) 
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The s u b j e c t  grasped t h e  c o n t r o l  d e v i c e  which was a n  11-inch long  
aluminum s t i c k  a t t a c h e d  t o  a Measurement Systems I n c .  Model 435 
f o r c e - s e n s i t i v e  hand c o n t r o l .  H e  manipula ted  t h e  c o n t r o l  w i t h  t h e  

f i n g e r s  o f  h i s  r i g h t  hand. The c o n t r o l  was o r i e n t e d  so t h a t  t h e  
s t i c k  was h o r i z o n t a l  and cou ld  be moved l e f t - r i g h t  and up-down i n  
a p l a n e  p a r a l l e l  t o  t h e  o s c i l l o s c o p e  s c r e e n .  Only t h e  up-down 
movements c o n t r o l l e d  t h e  e r r o r  d o t .  

The  c o n t r o l l e d  dynamics was a s i n g l e  i n t e g r a t o r ,  c a l i b r a t e d  s o  t h a t  
a n  upward f o r c e  o f  l o 5  dynes (1 Newton) on t h e  s t i c k  r e s u l t e d  i n  
a n  upward v e l o c i t y  o f  t h e  e r r o r  d o t  o f  6 .4  cm/sec on t h e  s c r e e n .  
T h i s  upward f o r c e  d i s p l a c e d  t h e  end o f  t h e  s t i c k  approximate ly  
0 . 1  cm. 

The i n p u t  s i g n a l  was r eco rded  on magnet ic  t a p e  and c o n s i s t e d  o f  
i n t e g r a t e d  Gauss ian  w h i t e  n o i s e .  The i n p u t  ampl i tude  was a d j u s t e d  

2 so  t ha t  i t s  mean-square was 1 0  cm . The p rocedures  by which t h i s  - 

tape was g e n e r a t e d  are  d i s c u s s e d  i n  Appendix A .  On a second 
channe l  o f  t h e  t ape ,  a c o n t r o l  s i g n a l  was r e c o r d e d ,  by means of 
which t h e  s c o r i n g  i n t e g r a t o r s  cou ld  be s t a r t ed ,  s topped ,  and rese t  
a t  t h e  des i r ed  t imes.  The i n p u t  e n t e r e d  t h e  s y s t e m  a t  t h e  i n p u t  
t o  t h e  p l a n t  a s  shown i n  F i g .  1 2 .  Because i t  was h t e g r a t e d  w h i t e  - 

n o i s e ,  t h i s  i n p u t  was e q u i v a l e n t  t o  a white  n o i s e  d i s t u r b a n c e  o f  
t h e  p l a n t  o u t p u t  shown i n  F i g .  6 .  

An E l e c t r o n i c  A s s o c i a t e s  I n c .  TR-48 a n a l o g  computer w i t h  a s s o c i a t e d -  
p e r i p h e r a l  equipment was used  t o  g e n e r a t e  t h e  d i s p l a y  s e e n  b y - t h e -  -- 

s u b j e c t ,  t o  p r o v i d e  the c o n t r o l l e d  dynamics,  and t o  compute s c o r e s  
f o r  each r u n .  The s c o r e  f o r  a r u n  was t h e  weighted sum o f  t h e  
mean-squared e r r o r  and t h e  mean-squared s t i c k  movement normal ized  
by d i v i d i n g  by t h e  mean-squared i n p u t .  The r e l a t i v e  we igh t ing  f o r  
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t h e  s c o r e  was, of  c o u r s e ,  t h e  same as t h e  we igh t ing  used  f o r  t h e  

s c o r i n g  c i r c l e .  The i n p u t ,  e r r o r ,  and s t i c k  movement s i g n a l s  
which occur red  d u r i n g  a r u n  were monitored and r eco rded  on magnet ic  
tape by means of  a T e c h n i c a l  Measurement Corp. Mnemotron FM 
tape r e c o r d e r .  

EXPERIMENTAL PROCEDURE 

The s u b j e c t  used was h igh ly -expe r i enced  a t  v a r i o u s  manual c o n t r o l  
tasks .  H e  was i n s t r u c t e d  t h a t  he was t o  c a r r y  o u t  a v e l o c i t y  
c o n t r o l  compensatory t r a c k i n g  t a s k  i n  such  a manner a s  t o  minimize 
h i s  t o t a l  s c o r e  as i n d i c a t e d  by t h e  diameter of t h e  s c o r i n g  c i r c l e  
on t h e  s c r e e n .  He was t o l d  t h a t  h i s  s c o r e  would c o n s i s t  of  a 
weighted sum of  h i s  mean-squared s t i c k  movement and t h e  mean- 
squared e r r o r .  

Runs were t a k e n  i n  b l o c k s  o f  f o u r .  Because of  t h e  c o n t r o l  s i g n a l  
r eco rded  on t h e  i n p u t  t ape ,  t h e  same f o u r  i n p u t  segments were 
r e p e a t e d  f o r  each  b lock .  T h i s  i n s u r e d  t ha t  each  b lock  was of 
e x a c t l y  t h e  same d i f f i c u l t y ,  so  t h a t  s c o r e s  could  be compared from 
block  t o  b lock  i n  o r d e r  t o  d i s c o v e r  how w e l l  t h e  s u b j e c t  was 
l e a r n i n g  t h e  t a s k .  I n  o r d e r  t o  d i s c o u r a g e  t h e  s u b j e c t  from memor- 
i z i n g  t h e  i n p u t  s i g n a l s ,  t h e  f o u r  i n p u t  segments were p r e s e n t e d  
i n  random- o rde r  d u r i n g  each  b lock .  

Each of  t h e  f o u r  r u n s  i n  a b lock  c o n s i s t e d  o f  30 seconds  o f  un- 
s co red  p r a c t i c e  and 90 seconds  o f  s c o r i n g .  A t  t h e  beg inn ing  of 
each  s c o r e d  segment, t h e  r e c o r d e d  c o n t r o l  s i g n a l  s ta r ted  t h e  
s c o r i n g  i n t e g r a t o r s .  A t  t h e  end of  t h e  s c o r e d  segment, i t  t u r n e d  
them o f f .  The expe r imen te r  read each  s c o r e  and t h e n  rese t  t h e  
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i n t e g r a t o r s  by means of  a swi t ch .  The s u b j e c t  was a l lowed t o  r e s t  
approx ima te ly  one minute  between r u n s  i n  a b lock  and approx ima te ly  
1 0  minu tes  between b l o c k s .  

The s u b j e c t  was t r a i n e d  i n  t h e  t r a c k i n g  t a sk  w i t h  th ree  c o s t  f u n c t -  
i o n s  whose s t i c k  w e i g h t i n g  c o e f f i c i e n t s ,  p ,  were 0 ,  0 .1 ,  and 1, 
r e s p e c t i v e l y .  For  each  of these  c a s e s ,  t h e  s u b j e c t  was t r a i n e d  
u n t i l  h i s  s c o r e  s t a b i l i z e d ,  a t  which t ime  a data b lock  was r u n .  
The i n p u t ,  e r r o r ,  and s t i c k  movement s i g n a l s  were r eco rded  a l o n g  
w i t h  t h e  c o n t r o l  l e v e l  s i g n a l  which i n d i c a t e d  t h e  p o r t i o n  of t h e  
r u n  which was b e i n g  s c o r e d .  

39 
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CHAPTER I V  

EXPERIMENTAL RESULTS 

A .  PERFORMANCE SCORES 

- - 
2 I n  F i g .  1 4  are  p l o t s  of  t h e  s c o r e s  x v e r s u s  u2 w i t h  p as a para- 

meter f o r  t h e  o p t i m a l  c o n t r o l l e r  of  F i g .  6 ,  and f o r  t h e  human 
c o n t r o l l e r .  The t i m e  d e l a y  f o r  t h e  o p t i m a l  c o n t r o l l e r  was chosen 
t o  be 0 .2  s e c .  The human c o n t r o l l e r  r e s u l t s  were o b t a i n e d  from 
t h e  expe r imen t s  f o r  v a l u e s  of  p = 0 ,  .1 and 1. 

* The _. measured p o i n t s  - f o r  t h e  human c o n t r o l l e r  l i e  ve ry  c l o s e  t o  
2 t h e  x 

However, i t  i s  a p p a r e n t  from t h e  f i g u r e  t h a t  t h e  human c o n t r o l l e r  
d i d  n o t  s e l e c t  t h e  p r o p e r  o p e r a t i n g  p o i n t  t o  minimize h i s  t o t a l  
s c o r e .  I n  p a r t i c u l a r ,  he d i d  n o t  move as large a d i s t a n c e  a l o n g  
the t r a d e - o f f  c u r v e  as d i d  t h e  o p t i m a l  c o n t r o l l e r .  

v e r s u s  u 2  t r a d e - o f f  cu rve  f o r  t h e  o p t i m a l  c o n t r o l l e r .  

B. G A I N  ADJUSTMENT 

If w e  assume t h e  subop t ima l  model c o n s i s t i n g  of  a g a i n  i n  cascade  
w i t h  a t i m e  de l ay  o f  0.2 seconds ,  r a the r  t h a n  t h e  more complex 
o p t i m a l  c o n t r o l l e r  model o f  F i g .  6 ,  we can  de te rmine  t h e  b e s t  f i t  
g a i n  from r e c o r d s  o f  t h e  e r r o r  and c o n t r o l  movements. To f i n d  
t h e  bes t  f i t  l i n e a r  g a i n  f o r  this model, a r e g r e s s i o n  a n a l y s i s  
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was performed. This analysis consisted of measuring the mean 
value of u (t), x (t-T), and u(t)x(t-T) over the four runs 
recorded when p = .l, and again over the four f o r  p= 1. 

2 2 

Assuming all variables are gaussian, the minimum variance estimate 
of the human operator's equivalent gain is 

U( t)x( t-T) G =  

The correlation coefficient between u(t) and x(t-T) is 

u(t)x(t-TJ r =  ( 4 7 )  

If the same experiment were performed with the optimal controller 
replacing the human, we would expect to measure an equivalent 

1 - -e 1 -T/JF; 
U(t)X(t-T) - - 2 G =  

T + 6 / 2  
2 0 

x (t-T) 

and a correlation coefficient of 

r =  
0 'Vl + 2T/G 2 
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A comparison between this optimal equivalent gain and the 
measured gain is in Fig. 15. We see that the human had a gain 
lower than optimal for p = .1 and higher than optimal for 
p = 1. The correlation coefficients obtained were r = .88 for 
p = .l and r = .85 for p = 1. These were somewhat lower than 
the .98 and .99 that would have been measured with the optimal 
controller in the circuit. 

C. D I S C U S S I O N  

There are two reasons for the difference between the behavior of 
the optimal controller and of the human controller. First, in 
deriving the optimal controller we may have made incorrect 
assumptions about the human controller's characteristics. Second, 
the human controller's subjective estimates of p may have differed 
from the actual values used in the experiment. 

Our assumption that the human controller's time delay T was 0.2 
second is one possible source of disagreement between the human 
controller and the optimal model. The effect of T on the tradeoff 
curve is given by Eq. (34) which states that 

_. 

n 2 -1 
I 

-2 
2 2 
X 
- t : -  

T thus has the effect of translating the tradeoff curve. Since 
the experimental points lie almost on the tradeoff curve for the 
optimal controller shown in Fig. 14, for which T = 0.2 second, we 
may conclude that this value of T is approximately correct. More- 
over, changing T would not result in a better agreement between 

4 5  
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- t h e  human c o n t r o l l e r ' s  o p e r a t i n g  p o i n t s  and t h o s e  o f  t h e  o p t i m a l  
c o n t r o l l e r .  I n  p a r t i c u l a r ,  a change of T would not  accoun t  f o r  
t h e  f a c t  t h a t  t h e  o p e r a t i n g  p o i n t  f o r  t h e  o p t i m a l  c o n t r o l l e r  moves 
much f u r t h e r  a l o n g  t h e  t r a d e - o f f  c u r v e  as  p changes  t h a n  d i d  the 
o p e r a t i n g  p o i n t  f o r  t h e  human c o n t r o l l e r .  

. .  - - A  second assumDtion t h a t  might  accoun t  for t h e  d i s a g r e e m e n t  is 
-the n e g l e c t i o n  of t h e  human c o n t r o l l e r ' s  remnant i n  deve lop ing  
t h e  o p t i m a l  model, But i n  these expe r imen t s  t h e  remnant c o n s t i -  
t u t e d  o n l y  a small f r a c t i o n  o f  t h e  human c o n t r o l l e r ' s  o u t p u t .  
For  p = 1 and .l, t h e  c o e f f i c i e n t s  o f  l i n e a r  c o r r e l a t i o n  between 
t h e  human c o n t r o l l e r ' s  o u t p u t  u ( t )  and h i s  i n p u t  x ( t )  were 
approx ima te ly  .85 and .88, r e s p e c t i v e l y .  Remnant c a n  b e  model led 
by add ing  a small amount of  i ndependen t  n o i s e  t o  t h e  o u t p u t  of  
t h e  o p t i m a l  model t o  o b t a i n  t h e  r e s p o n s e  u.  T h i s  n o i s e  r e p r e s e n t s  
t h e  p a r t  o f  t h e  human o p e r a t o r ' s  r e s p o n s e  t h a t  i s  u n c o r r e l a t e d  
w i t h  h i s  i n p u t .  However, t h e  l e v e l  of t h e  a d d i t i v e  n o i s e  i s  low 
and i t s  e f f e c t  on t h e  u2 v e r s u s  x2 t r a d e - o f f  cu rve  ( F i g .  1 4 )  
would be small. 

Thus, i t  seems more r e a s o n a b l e  t o  a t t r i b u t e  t h a t  d i f f e r e n c e  between 
human and o p t i m a l  c o n t r o l l e r  b e h a v i o r  t o  t h e  human c o n t r o l l e r ' s  
m i s e s t i m a t i o n  of  p ,  t h e  r e l a t i v e  w e i g h t i n g  o f  c o n t r o l  and e r r o r .  
We should  no t  be s u r p r i s e d  t o  f i n d  t h a t  t h e  human c o n t r o l l e r ' s  
s u b j e c t i v e  v a l u e s  o f  p d i f f e r  from t h e  a c t u a l  v a l u e s .  The t o t a l  
s c o r e  i s  not  v e r y  s e n s i t i v e  t o  s l i g h t  v a r i a t i o n s  i n  t h e  l o c a t i o n  
of t h e  o p e r a t i n g  p o i n t  as  long  as  t h e  o p e r a t i n g  p o i n t  remains  on 
t h e  o p t i m a l  t r a d e - o f f  c u r v e .  
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I n  f a c t ,  t h e  d e r i v a t i v e  o f  c o s t  w i t h  r e spec t  t o  t h e  o p e r a t i n g  
p o i n t  l o c a t i o n  goes  t o  z e r o  a t  t h e  o p t i m a l  l o c a t i o n .  S i n c e  t h e  

t o t a l  c o s t  was rather  i n s e n s i t i v e  t o  o p e r a t i n g  p o i n t  l o c a t i o n ,  
t h e  s u b j e c t  would n o t  be h i g h l y  mot iva t ed  t o  f i n d  t h e  e x a c t  
o p t i m a l  p o i n t ,  and would have a d i f f i c u l t  t ime l e a r n i n g  t o  l o c a t e  
it e x a c t l y .  H i s  performance might have been improved by a d d i t i o n a l  
t r a i n i n g ,  p a r t i c u l a r l y  i f  t h e  a d d i t i o n a l  t r a i n i n g  was g i v e n  ove r  
a much wider r a n g e  o f  p v a l u e s .  

Whatever t h e  r e a s o n  f o r  t h i s  l a c k  of  ad jus tmen t  t o  p ,  i t  appears 
tha t  t h e  human o p e r a t o r ' s  performance can be p r e d i c t e d  q u i t e  wel l  
by a model c o n s i s t i n g  o f  t h e  o p t i m a l  s t r u c t u r e  w i t h  parameters 
chosen t o  o p t i m i z e  a s u b j e c t i v e  c o s t  f u n c t i o n a l  t h a t  d i f f e r s  from 
t h e  t r u e  .one. We can  estimate t h e  v a l u e s  o f  p t h a t  t h e  human 
c o n t r o l l e r  op t imized  f o r  from Figs .  1 4  and 15 .  From t h e  t r a d e - o f f  
cu rve  o f  F ig .  1 4  w e  can  de te rmine  t h e  v a l u e s  of  p t h a t  g i v e  oper-  
a t i n g  p o i n t s  on t h e  o p t i m a l  c o n t r o l l e r ' s  t r a d e - o f f  c u r v e  t h a t  l i e  
c l o s e  t o  t h e  human c o n t r o l l e r ' s  o p e r a t i n g  p o i n t s .  Doing t h i s ,  we 
f i n d  t h a t  t h e  human c o n t r o l l e r  a p p a r e n t l y  opt imized  f o r  pQ.02 

r a t h e r  t h a n  t h e  a c t u a l  v a l u e  p = 0, f o r  p Q . 2  ra ther  t h a n  p = .1 
and f o r  p Q . 4  ra ther  t h a n  p = 1. From t h e  g a i n  v e r s u s  p c u r v e  o f  
F ig .  15 we can  s imply read o f f  t h e  v a l u e  of p f o r  which t h e  
e q u i v a l e n t  g a i n  o f  t h e  o p t i m a l  c o n t r o l l e r  would be  t h e  same as 
t h e  measured g a i n  o f  t h e  human c o n t r o l l e r .  The v a l u e s  o f  p 

o b t a i n e d  by t h i s  p r o c e s s  are  p = .2 and . 4 5 r e s p e c t i v e l y ,  ra ther  
t h a n  t h e  a c t u a l  v a l u e s  p = .1 and 1. Thus t h e  two s e t s  o f  
empirical  v a l u e s  of p are i n  good agreement .  
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Thus, o u r  r e s u l t s  are most s imply  e x p l a i n e d  by assuming a sub- 
j e c t i v e  we igh t ing  p s  i n  t h e  c o s t  f u n c t i o n a l .  
should  a l s o  i n c l u d e  t h e  remnant i n  t h e  model f o r  t h e  human con- 

For  comple t eness  we 

t r o l l e r .  The r e v i s e d  model f o r  t h e  human c o n t r o l l e r  would c o n s i s t  
of t h e  o p t i m a l  c o n t r o l l e r  of F i g .  6 ,  w i t h  a s u b j e c t i v e  v a l u e  of 
t h e  pa rame te r  p p l u s  a low- leve l  n o i s e  s o u r c e  summed a t  i t s  o u t p u t  
t o  accoun t  f o r  t h e  remnant .  

4 a 
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CHAPTER V 

CONCLUSIONS 

B o l t  Beranek and Newman I n c  

I n  C h a p t e r  I1 w e  d e r i v e d  t h e  o p t i m a l  c o n t r o l l e r  f o r  a p l a n t  w i t h  
q u a d r a t i c  c o s t  f u n c t i o n a l  which takes  i n t o  account  t h e  time de lay  
l i m i t a t i o n  of  t h e  human o p e r a t o r .  T h i s  o p t i m a l  c o n t r o l l e r  con- 
t a i n s  a model o f  t h e  p l a n t  be ing  c o n t r o l l e d ,  p l u s  l i n e a r  dynamics 
o p e r a t i n g  on t h e  d i f f e r e n c e  between t h e  r e a l  p l a n t  o u t p u t  and t h e  
model o u t p u t .  

Such a s t r u c t u r e  i s  a n  e x c e l l e n t  model f o r  t h e  human o p e r a t o r .  
I n  o u r  exper iment  w i t h  a f i r s t - o r d e r  p l a n t ,  t h e  human c o n t r o l l e r ' s  
t r a d e - o f f  cu rve  between mean-square error and mean-square c o n t r o l  
was v i r t u a l l y  i n d i s t i n g u i s h a b l e  from t h e  t r a d e - o f f  cu rve  of t h i s  
o p t i m a l  c o n t r o l l e r .  However, t h e  human c o n t r o l l e r  d i d  n o t  o p e r a t e  
a t  t h e  p o i n t  o f  t h e  t r a d e - o f f  cu rve  which would have minimized 
h i s  t o t a l  s c o r e .  The d i f f e r e n c e  between t h e  o p e r a t i n g  p o i n t  and 
t h e  o p t i m a l  c o n t r o l l e r ' s  o p e r a t i n g  p o i n t  can  be a t t r i b u t e d  a lmost  
e n t i r e l y  t o  t h e  d i f f e r e n c e  between t h e  human c o n t r o l l e r ' s  sub jec -  
t i v e  estimate of p ,  t h e  r e l a t i v e  we igh t ing  of c o n t r o l  and e r r o r  - -  

i n  t h e  c o s t  f u n c t i o n a l ,  and t h e  a c t u a l  we igh t ing .  T h i s  s u g g e s t s  - 

t h a t  t h e  human c o n t r o l l e r  be modelled by t h e  o p t i m a l  s t r u c t u r e  
w i t h  s u b j e c t i v e ,  ra ther  t h a n  a c t u a l  we igh t ings  i n  t h e  c o s t  
f u n c t i o n a l .  Unders tanding  how t h e  human c o n t r o l l e r ' s  s u b j e c t i v e  
we igh t ings  are e s t ab l i shed  would appear t o  be a n  impor t an t  
problem t h a t  d e s e r v e s  c o n s i d e r a b l e  a t t e n t i o n .  
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APPENDIX 

GENERATION OF GAUSSIAN INPUT TAPE 

1. Sum of N Uniform Random Numbers 

A good approximation to a Gaussian distributed random variable 
can be obtained by summing a number of uniformly distributed 
Independent random variables. This technique was implemented 
on the PDP-1 by producing "independent" uniformly distributed 
pseudo-random numbers by the power residue method described 
below, then summing these uniform numbers in non-overlapping 
groups of 31. The approximately Gaussian numbers which 
resulted were then D-A converted and recorded on analog 
magnetic tape. 
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Since the numbers generated by the power residue method have 
a uniform d i s t r i b u t i o n  between +M and -M, they are zero mean. 
If w e  perform a sca l ing  operat ibn to simplify the arithmetic, 
we can equal ly  w e l l  imagine these numbers uniformly d i s t r ibu ted  
between -1 and +l. 

The first moment (mean) i s  s t i l l  zero, the second moment 
(var iance)  i s  now 1/3, and the nth moment i s  zero f o r  n odd, 
l /n+l f o r  n even, 

We will now sum N of these (independent) random numbers and 
f ind  the  moments of t h e  sum: N 

xk z =  c 
k = l  

N 
= N E($) = ZERO. E ( Z )  = E(  ' 'k) 

k= l  k=l 

E ( Z 2 )  = N E ( X 2 )  + N ( N - 1 )  E 2 ( X )  = NE(X2)  = N / 3  

E ( Z 3 )  = NE(X3)  + 3 N ( N - 1 )  E ( X )  E(X2) + N ( N - l ) ( N - 2 )  E3(X) = ZERO.  

E ( Z 4 )  = N E ( X 4 )  + 4 N ( N - 1 )  E ( X )  E ( X 3 )  + 3 N ( N - 1 )  E 2 2  ( X  ) 

+ 6 N ( N - l )  ( N - 2 )  E 2 ( X )  E ( X 2 )  -I- N ( N - 1 )  ( N - 2 ) ( N - 3 )  E 4 ( X )  
A 

N N ( N - 1 2  N' 2 N  
5 

- -_ . -_ I  

3 - 3  15 - - +  

E ( Z  5 ) = ZERO, 

~ ( 2 ~ )  = N E ( $ )  + P j N ( N - 1 )  E ( X  4 ) E(X2) + 1 5 N ( N - I ) ( N - 2 )  E 3 2  (X ) 
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In order t o  compare these moments with the moments of a 
Gaussian random number, we should scale 2 so that it has 
unit variance, i . e., define 

Zo= fi 2. The nth moment 

of Z is thus scaled by a factor of 

E(Z, ) = 0 

E(Zo2) = 1 

E(ZO3) = 0 

E(Zo 5 ) = 0 

48 
7N2 

18 f -  
6 E(Zo ) = 15 - - 

If, f o r  example, we choose N = 31, 

0 1 0 2.961 0 14 . 425 

Whereas the normal Gaussian (G) has moments: 

E(G) E(G2) E(G3) E(G4 1 E(G5) E(G6) 
0 1 0 3.0 0 15.0 
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Thus the sum of 31 uniformly d i s t r ibu ted  independent random 
numbers provides a good approximation t o  the Gaussian d is -  
t r ibu t ion .  
exact ly  t o  those of the Gaussian variable, but  the convergence 
is  hyperbol ical ly  slow . (Error  decreases as l / N $  Increasing 
N t o  62 would only increase E(Zo ) t o  2.98, so  we have 
probably reached the  poin t  of diminishing returns .  

As N is  increased, the moments of Z, converge 

4 

2. Generation of Uniformly Distr ibuted Random Variables 

The technique used t o  generate  uniformly d i s t r ibu ted  random 
variables between the limits +M and -M is  described i n  the 
IBM publicat ion,  ''Random Number Generation and Testing. 
The suggested procedure involves solving the equation 

I1  g 

uo = I 

where pn]are the values of  the random variables  w i t h '  
n as an  index parameter. b i s  t h e  b i t  s i z e  of  the machine 

(18 i n  the case of the PDP-1). 

T h i s  simple procedure y ie lds  a set  of uniformly d i s t r i b u t e d  
random variables  between -(217 - 1) and f ( 2  l7 - 1) with a 
per iod of 216. 
Observe that  a random number can be generated by a PDP-1 
implementation of  equation (1) every 75 psecs. If these numbers 
were being generated a t  highest  speed, the series would repeat  
every (75 x 
r e p e t i t i o n  r a t e  i s  much too fast i n  v iew of our goal  t o  gen- 
erate a s igna l  which lcoked "white" a t  low frequencies.  

Unfortunately t h i s  per iod  is  much too small. 

x 216 = 4.915 seconds o r  about 1/5 cps. This 

1. Random Number Generation and Testing, I.B.M. Reference Manual 



Therefore, as an a l t e r n a t i v e  procedure w e  solved equation (1) 
setting b = 36. This made the implementation a l i t t l e  more 
d i f f i c u l t  but  gave a much longer  r e p e t i t i o n  period. 
w e  used two PDP-1 computer words f o r  u,. 
high order  ( l e f t  h a l f )  b i t s  of un and urn the low order  ( r i g h t  
h a l f )  b i t s  of un. 
manner: 

Namely, 
Consider ul?, the 

Then equation (1) is solved i n  the following 

un = u q 2  l a  ) + urn(20) 

product uen(2  36 ) + 3 ~ J n ( 2 ~ ~ )  + urn(218 -+ 3 )  

Note tha t  we now take t h i s  product mod 236 hence: 

urn+l = 3 urn (mod ,I8) 

18 18 uan+l = ( [ 3  urn (2- ) I  + urn + 3 ua,) (mod 2 ) 

where [.] i nd ica t e s  i n t ege r  p a r t  of . 

A PDP-1 implementation of' equation (2)  can generate  a random 
number every 145 usecs ,  If these numbers were being generated 

= 2,490,000 seconds o r  a "period" of about 28 days. 
probably s u f f i c i e n t  low frequency performance. If the reader 
is  not  satisfied with th i s ,  he can obviously extend t h i s  procedure 
t o  any larger value of b w i t h  correspondingly slower r e p e t i t i o n  
r a t e s .  
i s  q u i t e  s h o r t  and i s  shown below. 

a t  highest speed, the series would repeat  every (145 x loo6) x 2 34 
This is  

The a c t u a l  computer program t o  implenient equation (2)  
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ca l led  by ''jsp random" 

returned i n  ac U'n+l 

returned i n  io urn+l 

random, 

r, 
uln, 
urn, 
urnl ,  
ti, 

dap r 3t 

law 3 
mu1 urn 
s c r  I s  
d io  u r n l  /form urn new 
tad urn /urn plus  overflow b i t s  of above 
dac t l  
law 3 
mu1 u jn  
s c l  g s  
s c l  8s 
tad t l  
dac u jn  /form uan new 
l i o  u r n l  
d i o  urn 
Sw? . 
pl 

pl 
B 

1 

Note that  b i t ,  has a pe r iod  2 r-2 hence i f  only a few b i t s  

are t o  be used from the random number, they should be taken 
from the  high order  end of un. 

* a two's complement ar i thmetic  machine is  assumed. 
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3 .  Content of the Analog Tape 

As the Gaussian numbers were generated on the PDP-1, they 
were D-A converted a t  a rate of 6 MS/sample and wr i t t en  on the  
analog magnetic tape a t  151t/sec. These samples from a 20-min. 
record a t  15 t1 /se~  on t r a c k  2 of the tape. 
tape is  a recording of zero, which may be used t o  compensate 
for errors caused by t ranspor t  f l u t t e r .  On t r a c k  3 of  the  tape 
a I + l v  cont ro l  l e v e l  i s  recorded which marks those data segments 
which have been read back (A-D converted) i n t o  the PDP-1 and 
analyzed. 

On t r ack  1 of the 
I t  11 

The tape can be played back a t  any ava i l ab le  speed, for instance 
1-7/8"/sec, i n  which case each sample las ts  48 msec and the 
record i s  2 hr.  40 min. i n  length. 

B. ANALYSIS 

A 15-second segment of the analog mag tape (about 2500 samples) 
was read back i n t o  the PDP-1 through the A-D converter and the 
r e s u l t i n g  numbers were analyzed t o  determine how c lose ly  they 
approximated Gaussian "white" samples. 

1. Measurement of Central  Moments 

A program was wr i t t en  t o  ca l cu la t e  CSk, XSk 2 , ZSk 3 , etc . ,  f o r  

the 2500 samples Sk. 
(un i t  var iance)  cen t r a l  moments f o r  comparison with the scaled 
c e n t r a l  moments of a Gaussian d i s t r i b u t i o n .  The r e s u l t s  were 
as follows: 

These numbers were then converted t o  scaled 
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Moment 

SAMPLES 0 1.0 0.05 +3.11 -.3 +1Ic.g 
GAUSSIAN 0 1.0 0.0 3.0 0.0 15.0 

Thus the first six moments of the samples are in excellent agree- 
ment with the Gaussian distribution. 

2. High-Frequency Power Spectrum 

The autocorrelation function Rxx(7) was calculated for shifts T 

corresponding to 0, 1, 2, ... 25 sample times. The autocorrelation 
function was assumed to be zero for larger shifts T, and the 
Fourier transform of this RUX(T) was taken. This procedure should 
yield a close approximation t o  the power spectrum of the samples 
for high frequencies, but very poor results f o r  low frequencies . 
If the samples were really "tsihite" (independent) then their power 
spectrum should be 

Sxx(f) = sin2 (27rf 6Msec) 
(21rf Gfikec)2 

A plot of both the sin2 function and the experimentally obtained power 
spectrum are given in Fig, 1. Note that there is excellent agreement 
between the two at high frequencies, where the algorithm used was 
a valid approximation. From this test we may conclude that the 
power spectrum is that of white samples for high frequencies; we 
cannot make any statements about the low frequency power spectrum. 
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3. Low Frequency Power Spectrum 

To inves t iga te  the  spec t r a l  power a t  low frequencies,  a set 
of 100 d i g i t a l  f i l t e r s  were programmed whose impulse responses 
were s i n  2rnt/T and cos -t/T where T corresponds t o  2500 
sample times and n = 1, 2,. ..loo. 

The d i g i t a l  f i l t e r  corresponding t o  a cos w t  impulse response 
was 

__ 

where Z represents  a u n i t  delay.  1 - 2 cos w 
1 - 22 cos w + z 

_ -  
_ _  - H&> = 2 ’  

The s i n  w t  f i l t e r  was 

Z sin w 
1 - 22 cos w + z H,(Z> = 2 

Using the sample values as an-input  t o  these f i l t e rs ,  w e  see  by 
a simple algebraic  manipulation t h a t  the outputs of these  f i l t e r s  
a t  t = T are the Fourier  cosine and s i n e  coef f ic ien ts ,  respect ively,  
of the input  sample record,  

power a t  VI. 

Summing t he  squares of the s ine  and 
-----c-osine-coeffieierrts- of-- t he  fi’rtem -at-w p r o v i d e s  $he amount of 

A t  very low frequencies,  t h i s  should be constant .  

To reduce the  large s t a t i s t i c a l  v a r i a t i o n  of t h i s  process, the 
r e s u l t s  were averaged over bands of 1 2/3 cps w i t h  the  following 
r e s u l t s  : 

4-16 R e l a t i v e  
power 5.69 3.69 4.75 
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The 14% var i a t ion  i n  these r e s u l t s  i s  not  s t a t i s t i c a l l y  sig- 
n i f i can t ;  the standard devia t ion  .of t h i s  measurement (assuming 
Gaussian white noise  input)  i s  25% due t o  the small number of 
samples. Within the l i m i t s  of reso lu t ion  f o r  2500 sample points ,  
the samples approximate the spectrum of white Gaussian samples 
down t o  D.C. 

Conclusion 

Our ana lys i s  of the samples read back from analog tape has 
ver i f ied that  the contents of the  tape provide a very good 
approximation t o  white Gaussian samples: t h i s  tape should 
provide excel lent  r e s u l t s  f o r  anyone whose experiment requires  
Gaussian white noise.  
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